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Abstract

The superconducting transition temperature of CaC6 is investigated within the Roeser–Huber
(RH) formalism using both rhombohedral and hexagonal crystallographic representations.
While these two descriptions are crystallographically equivalent, they differ in their geomet-
ric construction of superconducting paths and near-atom environments. In the rhombohe-
dral representation, only translationally closed Ca–Ca vectors consistent with the primitive
lattice are considered, yielding three symmetry-distinct RH paths. In the hexagonal repre-
sentation, the same superconducting channels are expressed in an expanded conventional
cell, where some paths appear as unfolded or symmetry-related sublattice connections. For
each representation, the RH path lengths and effective near-atom counts are evaluated and
used to compute the superconducting transition temperature. The rhombohedral descrip-
tion yields T(calc)

c = 10.4 K, while the hexagonal representation gives T(calc)
c = 10.9 K, both

in good agreement with the experimental value T(exp)
c = 11.5 K. The difference between

the calculated values amounts to approximately 5%. These results show that the underlying
RH superconducting channels and their near-atom environments are representation inde-
pendent, while minor quantitative differences in T(calc)

c arise from metric redistribution of
equivalent paths. This directly confirms that the RH formalism captures intrinsic structural
features of superconductivity rather than artifacts of unit-cell representation.

Keywords: g raphite intercalation compounds; CaC6; superconducting transition;
Roeser–Huber formalism; superconducting paths; geometric resonance

1. Introduction
Graphite intercalation compounds (GICs) serve as prototypical systems for studying

the interplay between layered electronic structure, charge transfer, and electron–phonon
coupling. Early intercalation studies focused on alkali-metal compounds such as LiC6, KC8,
and related phases, which exhibit metallic behavior but do not become superconducting
at ambient pressure [1,2]; see also the review in Ref. [3]. In particular, LiC6 represents the
structurally closest analogue to CaC6, sharing the same graphite host framework and similar
staging, yet lacking superconductivity under comparable conditions. This contrast has
motivated extensive theoretical and experimental efforts aimed at clarifying the microscopic
mechanisms responsible for superconductivity in CaC6 and related compounds [3].

The discovery of superconductivity in calcium-intercalated graphite (CaC6) at a com-
paratively high transition temperature of Tc ≈ 11.5 K stimulated renewed interest in layered
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carbon-based superconductors [4–8]. Experimental investigations have characterized its
phonon spectrum, isotope effect, Fermi-surface topology, and anisotropic superconduct-
ing properties, while density-functional theory (DFT) calculations have emphasized the
role of interlayer Ca-derived electronic states and strong coupling to out-of-plane carbon
vibrations [7,8]. CaC6 thus occupies a central position in the study of phonon-mediated
superconductivity in low-dimensional systems and provides a structurally simple yet
electronically nontrivial testbed for theoretical models. Beyond its fundamental relevance,
layered superconductors of this type are also important for understanding superconductiv-
ity in other graphitic and carbon-derived materials, including doped graphene and related
intercalated structures.

The rapid development of two-dimensional superconducting materials has fur-
ther intensified interest in graphite-derived systems [9–11]. In particular, Li-decorated
graphene—effectively a monolayer analogue of LiC6—has been predicted to exhibit super-
conductivity with a transition temperature of up to 8.1 K [12]. These findings underscore the
importance of understanding how dimensionality, intercalant species, and lattice geometry
collectively influence superconducting behavior in layered carbon systems.

CaC6 can be viewed either as graphite with intercalated calcium atoms or, equivalently,
as graphene sheets embedded within a calcium sublattice. Experimentally, CaC6 is most
commonly described using a conventional hexagonal unit cell that is three times larger than
the primitive rhombohedral unit cell associated with space group R3̄m [5]. By contrast,
many theoretical studies adopt the primitive rhombohedral representation, which reflects
the minimal translational symmetry of the lattice (see, e.g., Refs. [13–16]). More recent works
have explicitly compared the two representations of the CaC6 lattice to improve the analysis
of phonon dispersion measurements and to refine first-principles calculations [17–19].

Within this broader context, an important conceptual question arises: do structure-
based approaches to superconductivity remain strictly invariant under changes in crystallo-
graphic representation? The Roeser–Huber (RH) formalism [20–22] provides an alternative
interpretation of superconductivity in which the superconducting state emerges as a ge-
ometric resonance phenomenon governed by a characteristic spatial coherence length
derived directly from crystallographic periodicities. As the RH construction relies ex-
plicitly on symmetry-allowed real-space paths and their geometric environment, CaC6

constitutes an ideal test case: it combines structural simplicity, well-characterized super-
conducting behavior, and the availability of two commonly used yet metrically distinct
unit-cell descriptions.

In this work, the RH framework is applied consistently to both the rhombohedral and
hexagonal descriptions of CaC6. By analyzing the symmetry-allowed superconducting
Ca–Ca paths in each representation, we examine whether geometric path identification,
near-atom counting, and the resulting resonance condition depend on the chosen unit cell.
Although the hexagonal and rhombohedral descriptions are crystallographically equivalent,
they differ in their explicit metric representation and therefore provide a stringent test of
the representation invariance of geometry-based superconductivity models. Establishing
such invariance is essential if structure-derived descriptors are to be employed system-
atically—for example, in comparative studies across graphite intercalation compounds,
including LiC6 and related phases, or in data-driven materials-screening approaches.

Within the RH formalism, superconductivity is described in terms of symmetry-allowed
real-space paths connecting equivalent atoms of the superconducting sublattice. As discussed
previously in Ref. [23], in the case of CaC6, only Ca–Ca connections are assumed to carry the
superconducting wave, whereas carbon atoms act exclusively as near or blocking atoms that
influence the superconducting paths through phonon-mediated interactions.

A superconducting path of length x is considered RH-allowed if it:
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(1) connects symmetry-equivalent calcium atoms,
(2) is not blocked by atoms lying directly on the path,
(3) exists as a symmetry-equivalent set throughout the crystal.

The path symmetry is a very crucial point: any asymmetry introduces phase disruption
due to uneven forces acting on the carriers. Furthermore, it must be guaranteed that the
path continues throughout the crystal, enabling the charge-carrier wave to propagate
through the entire superconducting material. Atoms surrounding a given superconducting
path are counted as near atoms (NA) if they satisfy either a geometric proximity criterion or
a refined standing-wave criterion that accounts explicitly for the layered character of the
structure. This will be discussed in detail in Section 2 below.

The present manuscript is organized as follows: In Section 2, the elements of the
Roeser–Huber resonance condition for alloys and compounds are outlined. Section 3 intro-
duces the crystal structure and electronic configuration of CaC6, and the superconducting
paths for the rhombohedral representation of CaC6 are identified. In Section 4, the su-
perconducting paths in the hexagonal description are summarized. Section 5 illustrates
the mapping between rhombohedral and hexagonal superconducting paths. Section 6
discusses the metric dependence of the RH path counting and the importance of this proce-
dure for possible implementation in machine-learning software. Finally, Section 7 presents
our conclusions.

2. Roeser–Huber Resonance Condition
A detailed discussion of the Roeser–Huber (RH) formalism, as applied to various ele-

ments and alloys, has been presented previously in Refs. [21,22]. Therefore, we summarize
here only the most relevant steps.

Superconductivity in the RH formalism is seen as a resonance effect between the
charge carrier wave formed by Cooper pairs with the de Broglie wavelength, λcc, which
moves through the crystal lattice. The RH framework postulates that the superconducting
transition corresponds to the lowest standing-wave resonance of paired charge carriers
confined to an effective path length, x. This picture can be straightforwardly understood
when interpreting the superconducting transition seen in a resistance measurement as an
integrated resonance curve. The underlying physics is given by the particle-in-box (PiB)
principle of quantum mechanics [24].

The lowest energy level and the superconducting transition temperature are
given by [21,22]

∆(0)ges =
h2

2ML
·
(

n

∑
i=1

1
(2xRi )

2 ·
n2Ri

n1Ri

)
= πkBTcalc

c(0), (1)

where kB = Boltzmann’s constant, h = Planck’s constant, and ML = η · 2me, with me denot-
ing the free electron mass. η is a parameter reflecting the Fermi and Debye temperatures of
the material, yielding η = 918.1 [23]. According to the resonance view, Tcalc

c corresponds to
the mean field TMF

c determined by the maximum of the derivative, dR/dT.
The effective resonance length, x, is defined purely by geometric considerations.

For each crystallographic direction Ri—hereafter referred to as a superconducting path—the
two factors, n1 and n2, must be determined to obtain a complete description of the energy
∆(0) and the corresponding transition temperature, Tc(0). The parameter n1 = NL/NA is
defined as the ratio of NL, the number of electrons participating in the superconducting
state, to NA, the number of passed, near atoms encountered along the superconducting
path within the crystal lattice. In Refs. [20–22], atoms were counted as “near” when the
condition lcalc/x ≤ 0.5 was fulfilled. The parameter lcalc represents the perpendicular
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distance of an atom to the selected superconducting path. Thus, the passed, near atoms
must be searched within a cylinder around the vector x with radius lcalc. For more complex
lattices, a standing sinusoidal wave model for the Cooper-pair de Broglie wavelength was
introduced in Ref. [23]:

lcalc ≤
1
2

x sin
(

hE
x

π

)
(2)

and

0 ≤ hE ≤ π

2
, (3)

with hE denoting the distance of the plane in which the passing atoms are located to the
atom from which the superconductivity originates. Thus, for CaC6 with the presence of
several graphene layers, both criteria must be evaluated.

The second parameter, n2, characterizes the relation between symmetry-equivalent
paths oriented along the same crystallographic direction. The factor n2 becomes particu-
larly important in complex superconducting structures where multiple superconducting
paths coexist and are associated with different atomic species. Both parameters must be
evaluated for each possible superconducting path. For CaC6, this situation does not arise,
since superconductivity is assumed to be carried exclusively by the calcium sublattice.
Consequently, only a single type of superconducting path is present, and therefore n2 = 1.
In this way, the longstanding idea of directly linking superconductivity to the underlying
crystal lattice [25] finds a natural realization within the RH framework.

It should be noted that the superconducting pairing interaction may involve multiple
phonon modes (vibrational modes of the lattice), each contributing differently to the overall
electron–phonon coupling. Such behavior is characteristic of complex crystal structures;
for example, the graphite intercalation compounds (GICs) [3] and A15-type [26] supercon-
ductors, where several optical and acoustic phonon branches interact with the conduction
electrons. Within the RH framework, this multimode phonon coupling is effectively incor-
porated through the counting of the near, passed atoms along a given superconducting
path, which serves as a geometric measure of the local vibrational environment experienced
by the superconducting wave.

The required crystallographic data come from respective databases [27–29], enabling
the RH formalism to be integrated straightforwardly into machine learning frameworks for
predictive superconductivity studies [30–33].

3. Crystallographic Background of CaC6

CaC6 is the only member of the GIC with a rhombohedral unit cell (space group R3̄m)
with the lattice parameters a = b = 0.517 nm, α = 49.55° [5]. This primitive rhombohedral
contains a single calcium atom and six carbon atoms per unit cell. The carbon atoms form
a graphitic planar hexagon located in the median plane of the cell with an in-plane C–C
distance of approximately 1.42 Å, which is very close to the C–C bond length in pristine
graphene or graphite. In contrast, the calcium atom occupies a special Wyckoff position at
the origin:
Carbon: 6 atoms 6g (1/6 5/6 1/2)
Calcium: 1 atom 1a (0 0 0)

This information enables the plotting of the structure using software like Crystal-
maker [34] or VESTA [35]. The primitive rhombohedral cell is correct for symmetry analysis,
but it does not allow for searching superconducting paths following the RH logic. Thus,
the construction of supercells is required.

In Ref. [5], another representation of the rhombohedral cell was given (their Figure 7),
which is now often used in the literature. However, we must note here that this figure is
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not a direct real-space plot of a CIF unit cell. Instead, it represents a schematic symmetry
diagram, which is drawn in a projected metric, emphasizing Wyckoff connectivity and
topology. However, it is not intended to preserve Euclidean angles or lattice vectors. Having
this in mind, one can carefully look at this figure to visualize some of the important channels
for the path analysis. Figures 1A,B show the commonly used rhombohedral representation
of CaC6; in (A), the full cell is shown, and (B) gives the view in the [111]-direction. While
this diagram reflects the correct symmetry, it is a schematic projection rather than a strict
Euclidean representation of the primitive rhombohedral cell.

Figure 1. (a,b,c): The superconducting paths (1)–(3) for the rhombohedral unit cell of CaC6. (A,B) give
the rhombohedral unit cell of CaC6 as drawn first by Emery et al. [5]. One must note here that this
is not the primitive cell, see text. (A) is a view along the [001]-direction, which is often seen in the
literature, and (B) gives the cell slightly off in the [111]-direction. (C,D) present the hexagonal cell of
CaC6 illustrating the graphene layers and the stacking of the Ca atoms. (D) shows a view slightly off
the [001]-direction, enabling the view of channel-like arrangements.

In contrast, rhombohedral crystals are often represented using a hexagonal unit cell
that is three times larger in volume. In this description, the lattice parameters of CaC6 are
a = 0.4333 nm and c = 1.3572 nm. Since the interlayer spacing between carbon sheets
is d = 0.4524 nm, we obtain c = 3d = 1.3572 nm. In this representation, the shortest
Ca–Ca distance in the intercalant layer is a = 0.4333 nm, and the closest C–C distance
is dCC = 0.1444 nm. The Wyckhof positions for this hexagonal structure were determined
in Ref. [5] as follows:
Carbon: 18 atoms 18g (1/3 0 1/2)
Calcium: 3 atoms 3a (0 0 0)
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Slightly different values were reported by Wang et al. [18], with a = 0.43054 nm and
c = 13.1205 nm. This hexagonal CaC6 cell is shown in Figure 1C (view along [100]) and
Figure 1D (view slightly off the [001]-direction).

3.1. Superconducting Paths in Rhombohedral CaC6

As mentioned before, only Ca–Ca vectors are considered as potential superconducting
paths, whereas carbon atoms act exclusively as near, passed or blocking atoms. As conse-
quence, superconducting paths necessarily connect calcium atoms in neighboring unit cells,
as the rhombohedral unit cell contains only one Ca atom. The allowed paths are therefore
determined by the symmetry-equivalent lattice vectors of the rhombohedral Bravais lattice.

3.2. Rhombohedral Edge Path

The shortest superconducting path in rhombohedral CaC6 is directed along the edge
of the rhombohedral unit cell. This path connects the calcium atom at the origin to an
equivalent calcium atom in a neighboring cell along one of the three rhombohedral basis
vectors, shown in Figure 2A. The path length is

xR1 = arh ≈ 0.517 nm. (4)

Figure 2. (a,b,c): The superconducting paths (1)–(3) for the rhombohedral unit cell of CaC6.
(A–C) present 2 × 2 × 2 supercells; Paths (1), (2), and (3) provide a schematic drawing of each
possible superconducting path (marked by red arrows) that allows for proper counting of NA. All
colors are identical to Figure 1 Paths (1) and (2) are located within the (a,b)-plane, path (3) goes along
the (c)-axis. Note also that especially for path (3) the supercell is still incomplete regarding the full
information on the passed, near atoms.

https://doi.org/10.3390/cryst16030184
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There are three symmetry-equivalent rhombohedral edges, giving a path multiplicity
P of

P = 3. (5)

Near-atom analysis shows that the carbon hexagon lies at a significant distance from
this path. None of the carbon atoms satisfy the RH proximity criterion l/x ≤ 0.5, nor
the refined standing-wave criterion as discussed in Ref. [23]. Consequently, no atoms are
counted as near atoms for this path. By convention, this corresponds to

NA = 1. (6)

3.3. Rhombohedral Face-Diagonal Path

A second class of superconducting paths connects calcium atoms across the faces of
the rhombohedral unit cell. These vectors correspond to differences in two rhombohedral
basis vectors and are symmetry-allowed within the R3̄m space group, shown in Figure 2B.

The length of this path is
xR2 ≈ 0.750 nm, (7)

which coincides numerically with the in-plane diagonal path identified in the hexago-
nal description.

There are three symmetry-equivalent face-diagonal paths, resulting in a multiplicity

P = 3. (8)

In this configuration, the superconducting path passes close to multiple carbon atoms
belonging to adjacent graphene layers. Applying the refined RH proximity criterion based
on the standing-wave model yields a total number of near atoms

NA = 14. (9)

This path represents the dominant in-plane superconducting channel within the
rhombohedral description.

3.4. Rhombohedral Body-Diagonal Path

The longest symmetry-allowed superconducting path in rhombohedral CaC6 connects
calcium atoms along a body-diagonal-like direction of the rhombohedral cell. This path
spans three consecutive graphene layers and corresponds to the interlayer superconducting
channel, shown in Figure 2C.

The path length is
xR3 ≈ 1.357 nm. (10)

Only one such path exists per calcium atom, yielding a multiplicity

P = 1. (11)

Along this path, the Cooper pairs encounter multiple carbon layers as well as trian-
gular arrangements of calcium atoms in adjacent planes. The symmetry of the calcium
triangles ensures that the path is RH-allowed. Detailed near-atom counting, including
contributions from three distinct carbon layers, yields a large number of near atoms,

NA = 52. (12)

This path provides the dominant out-of-plane superconducting contribution in CaC6.

https://doi.org/10.3390/cryst16030184
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3.5. Summary of Rhombohedral RH Paths

Table 1 summarizes the superconducting paths identified in the rhombohedral de-
scription of CaC6.

Table 1. Roeser–Huber superconducting paths in rhombohedral CaC6.

Path Description x (nm) P NA

Rrhomb
1 rhombohedral edge 0.517 3 1

Rrhomb
2 face diagonal 0.750 3 14

Rrhomb
3 body diagonal 1.357 1 52

The three superconducting paths identified here form the complete set of symmetry-
allowed RH channels in the primitive rhombohedral description of CaC6. This now enables
the calculation of the various T(calc)

c to be performed.
Table 2 summarizes the RH calculation of rhomohedral CaC6. The calcium atoms

donate their two outer electrons to the graphene, so NL = 2 [23]. Tcalc
c is obtained from

the sum of directions (1) + (2), so 10.8 K. This value is quite similar to the one of the c-axis
direction (path 3) but is only slightly larger.

Table 2. Calculation of Tc of CaC6 in the rhombohedral description using the RH formalism (Equation (1)).

Direction x NL NA ML ∆(0) T(calc)
c

[nm] [ηme] [meV] [K]

(1), (a,b) 0.517 2 1 2 0.383 1.4

(2), (a,b) 0.750 2 14 0.1429 2.549 9.4

(3), (c) 1.357 2 52 0.0385 2.891 10.7

In the following section, these paths are mapped onto their counterparts in the hexag-
onal description, where the same superconducting channels appear in an unfolded and
geometrically more transparent form.

4. Superconducting Paths in Hexagonal CaC6

The possible superconducting paths for the hexagonal representation of CaC6 were
discussed in detail in Ref. [23]. Thus, we give here a short summary of the findings.

In the hexagonal representation of CaC6, the unit cell contains three calcium atoms
and eighteen carbon atoms arranged in alternating calcium planes and graphene layers.
This non-primitive description does not introduce additional superconducting channels
but rather unfolds the symmetry-equivalent paths of the primitive rhombohedral lattice
into a geometrically transparent form. The hexagonal description is therefore particularly
useful for visualizing the geometry of these paths and for performing detailed near-atom
counting, especially in the presence of multiple carbon layers.

4.1. In-Plane Edge Paths (Hexagonal)

The shortest Ca–Ca connections in the hexagonal unit cell lie along the edges of the
(a, b) plane. These paths connect calcium atoms within the same calcium layer and have
a length

xH1 = ahex ≈ 0.433 nm. (13)

These in-plane edge paths do not correspond to a single rhombohedral lattice vector
but arise from the unfolding of the rhombohedral edge paths (R1) into the expanded
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hexagonal cell. Taken individually, these paths are shorter than the rhombohedral R1 path;
however, collectively, they represent the same superconducting channel.

A detailed geometric analysis shows that no carbon or calcium atoms satisfy the RH
proximity criteria for these paths. Consequently, the near-atom count is

NA = 1, (14)

consistent with the rhombohedral description.

4.2. In-Plane Diagonal Path (Hexagonal)

A second symmetry-allowed superconducting path lies along the diagonal of the
hexagonal (a, b) plane. This path connects calcium atoms in adjacent positions within the
same plane and has a length

xH2 =
√

3 ahex ≈ 0.750 nm. (15)

This path is the direct hexagonal counterpart of the rhombohedral face-diagonal
path (R2). In contrast to the rhombohedral representation, the hexagonal cell makes the
surrounding carbon layers explicit, allowing a layer-resolved analysis of near atoms.

Applying the refined RH proximity criterion based on the standing-wave model
reveals multiple carbon atoms in adjacent graphene layers that interact with the Cooper
pairs. The total number of near atoms is

NA = 14, (16)

in exact agreement with the rhombohedral analysis.
This in-plane diagonal path constitutes the dominant in-plane superconducting chan-

nel in CaC6.

4.3. Out-of-Plane (c-Axis) Path (Hexagonal)

The longest superconducting path in the hexagonal description runs along the c axis,
connecting calcium atoms in successive calcium layers. The path length is

xH3 = chex ≈ 1.357 nm. (17)

This path represents the unfolded form of the rhombohedral body-diagonal path (R3).
In the hexagonal representation, the triangular arrangement of calcium atoms in adjacent
layers is explicitly visible. The centers of these triangles define the superconducting path,
ensuring that the path remains RH-allowed despite the absence of a calcium atom directly
on the path.

Along this path, the Cooper pairs encounter three distinct graphene layers as well
as calcium triangles in intermediate planes. The hexagonal geometry allows these contri-
butions to be counted directly. Applying the refined RH criteria yields a total near-atom
count of

NA = 52. (18)

This path provides the dominant out-of-plane contribution to superconductivity
in CaC6.

https://doi.org/10.3390/cryst16030184
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4.4. Summary of Hexagonal RH Paths

Table 3 summarizes the superconducting paths identified in the hexagonal repre-
sentation and explicitly indicates their correspondence to the rhombohedral paths dis-
cussed above.

Table 3. Roeser–Huber superconducting paths in hexagonal CaC6 and their relation to rhombohe-
dral paths.

Hexagonal Path Direction x (nm) P NA
Rhombohedral

Origin

Rhex
1

in-plane edge 0.433 unfolded 1 Rrhomb
1

Rhex
2 in-plane diagonal 0.750 identical 14 Rrhomb

2

Rhex
3 c axis 1.357 unfolded 52 Rrhomb

3

The hexagonal description thus provides a geometrically intuitive visualization of
superconducting paths and near-atom environments without introducing new RH channels.
All superconducting properties derived from the hexagonal representation can be traced
back uniquely to the primitive rhombohedral superconducting paths.

Table 4 summarizes the calculations for CaC6 in its hexagonal representation as dis-
cussed in Ref. [23]. T(calc)

c in the (a, b)-plane was determined to be the sum of directions (1)
and (2), so T(calc)

c = 11.4 K, which is larger than the result of the rhombohedral analysis
but still close to the experimentally determined values of Tc.

Table 4. Calculation of Tc.

Direction x NL NA ML ∆(0) T(calc)
c

[nm] [ηme] [meV] [K]

(1), (a,b) 0.433 2 1 2 0.546 2.0

(2), (a,b) 0.750 2 14 0.1429 2.549 9.4

(3), (c) 1.357 2 52 0.0385 2.891 10.7

5. Mapping Between Rhombohedral and Hexagonal
Superconducting Paths

Within the Roeser–Huber (RH) formalism, superconducting paths are defined as
translationally closed vectors that connect symmetry-equivalent calcium atoms. In the
rhombohedral R3̄m structure of CaC6, the primitive unit cell contains one calcium atom
and six carbon atoms. Consequently, all allowed RH paths are determined solely by the
primitive rhombohedral lattice vectors.

In this primitive description [36,37] three symmetry-distinct translational paths satisfy
the RH criteria:

R1 = a1, R2 = a1 − a2, R3 = a1 + a2 + a3. (19)

These correspond to the rhombohedral edge, face diagonal, and body diagonal of the
primitive cell, respectively. Their lengths depend only on the rhombohedral lattice parame-
ters and define the complete set of superconducting channels in the primitive structure.

For visualization and comparison with earlier literature, it is convenient to express
these paths in the hexagonal setting. The hexagonal unit cell is a non-primitive conven-
tional cell containing three calcium atoms and eighteen carbon atoms. Its lattice vectors
are related to the rhombohedral basis by the standard crystallographic transformation,

https://doi.org/10.3390/cryst16030184
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and each rhombohedral RH path can therefore be expressed as an integer combination of
the hexagonal lattice vectors.

Because the hexagonal cell is an unfolded representation of the primitive rhombo-
hedral lattice, the mapping between the two descriptions is not always one-to-one at the
level of individual vectors. Instead, a single rhombohedral superconducting path may
appear as one or several geometrically distinct but symmetry-equivalent paths in the
hexagonal representation. Nevertheless, the complete set of RH superconducting channels
remains invariant.

5.1. Rhombohedral Edge Path

The rhombohedral edge path Rrhomb
1 connects calcium atoms along one of the primitive

lattice vectors. In the hexagonal representation, this path does not appear as a single
translational vector of the conventional cell. Instead, it is unfolded into several shorter
in-plane Ca–Ca connections along the edges of the hexagonal lattice.

These hexagonal edge segments are sublattice translations that exist only because the
conventional cell contains three calcium atoms. They do not represent independent RH
paths in the primitive lattice. When considered collectively, however, they reproduce the
same superconducting channel as the rhombohedral edge path.

In both descriptions, the path passes no additional atoms within the RH proximity
radius, yielding

NA = 1. (20)

5.2. Rhombohedral Face-Diagonal Path

The rhombohedral face-diagonal path Rrhomb
2 corresponds directly to the in-plane diag-

onal path in the hexagonal representation. In both coordinate systems, the superconducting
channel lies within the basal plane and has the same geometric length,

x ≈ 0.750 nm. (21)

The hexagonal description makes the stacking of the graphene layers more explicit,
allowing a transparent identification of the near-atom planes contributing to the RH prox-
imity count. Applying the refined RH criterion yields

NA = 14 (22)

in both representations. Thus, Rrhomb
2 and the hexagonal in-plane diagonal represent the

same superconducting channel expressed in different coordinate systems.

5.3. Rhombohedral Body-Diagonal Path

The rhombohedral body-diagonal path Rrhomb
3 corresponds to the out-of-plane su-

perconducting channel along the hexagonal c axis. In the primitive rhombohedral lattice,
this path is a single long translation connecting equivalent calcium atoms across multiple
unit cells.

In the hexagonal representation, the same channel appears as a sequence of Ca–Ca
connections between stacked calcium planes. The triangular arrangement of calcium
atoms in adjacent layers becomes explicit, and the centers of these triangles define the
superconducting trajectory. The surrounding graphene sheets form several distinct near-
atom planes whose contributions can be counted directly.

Despite these geometric differences, the RH proximity count remains identical in
both representations,

NA = 52. (23)
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5.4. Summary of the Mapping

Table 5 summarizes the correspondence between the rhombohedral and hexagonal
RH superconducting paths.

Table 5. Roeser–Huber superconducting paths in hexagonal CaC6 and their relation to rhombohe-
dral paths.

Rhombohedral Hexagonal x P NA Channel
Path Counterpart (nm)

Rrhomb
1 (edge)

unfolded in-plane
edges 0.517 3 1 weak in-plane

Rrhomb
2 (face diag.) in-plane diagonal 0.750 3 14 dominant in-plane

Rrhomb
3 (body diag.) c-axis path 1.357 1 52 dominant

out-of-plane

In both representations, the same three superconducting channels are obtained,
with identical near-atom environments, confirming that the RH path topology is inde-
pendent of the crystallographic setting. While individual superconducting paths dif-
fer geometrically between the rhombohedral and hexagonal descriptions, the complete
set of symmetry-allowed RH channels—and therefore the predicted superconducting
properties—remains unchanged. This invariance confirms that the RH formalism captures
intrinsic structural features of superconductivity rather than artifacts of unit-cell choice.

6. Discussion
Although the rhombohedral and hexagonal descriptions of CaC6 are crystallograph-

ically equivalent, they differ substantially in their geometric representation of atomic
connectivity. In particular, individual superconducting paths defined within the Roeser–
Huber (RH) formalism are not identical vectors in the two descriptions. Nevertheless,
when all symmetry-equivalent paths are taken into account, both representations yield the
same set of effective superconducting channels.

Metric Dependence of RH Path Counting

For CaC6, the hexagonal and primitive rhombohedral descriptions represent the same
Bravais lattice but differ in their metric realization. Wang et al. [18,19] showed the formulae
connecting the reciprocal hexagonal and rhombohedral lattices of CaC6. Here, we follow
the description of Refs. [36,37].

Let ahex
1 , ahex

2 , and chex denote the conventional hexagonal basis vectors. The primitive
rhombohedral basis vectors may be written as

arh
1 =

1
3

(
ahex

1 + ahex
2 + chex

)
, (24)

with cyclic permutations generating arh
2,3. The corresponding primitive length is

arh =
∣∣∣arh

1

∣∣∣ ≈ 0.517 nm. (25)

In the hexagonal metric, three RH paths satisfy translational closure: a short in-plane
sublattice path

Lhex
1 =

√
3

3
ahex ≈ 0.433 nm, (26)

a longer in-plane lattice path Lhex
2 ≈ 0.750 nm, and an axial path L3 = c ≈ 1.357 nm. All

three contribute to Equation (1) in the hexagonal description.
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Upon transformation to the primitive rhombohedral metric, the shortest in-plane path
Lhex

1 no longer satisfies the translational closure condition,

Lhex
1 /∈ SpanZ

{
arh

1 , arh
2 , arh

3

}
, (27)

and is therefore excluded as a primary RH resonance. The shortest admissible in-plane
path becomes the primitive rhombohedral vector,

Lrh
1 = arh ≈ 0.517 nm, (28)

while the longer in-plane and axial paths remain invariant,

Lrh
2 = Lhex

2 , Lrh
3 = Lhex

3 . (29)

As a consequence, the total number of effective superconducting channels remains 3,
but their metric weights in Equation (1) are redistributed. Since Tc,i ∝ L−2

i , the replacement
of the hexagonal sublattice path by the longer primitive rhombohedral vector reduces its
contribution, thereby altering the relative balance between in-plane and axial resonances
slightly affecting the total Tc.

This analysis demonstrates that RH path counting is invariant under changes in
lattice description only when translational closure is enforced in the appropriate metric,
with sublattice-only resonances contributing exclusively in representations that explicitly
resolve the corresponding sublattice symmetry.

Although the calculated superconducting transition temperature yields quite rea-
sonable agreement with experiments for a given material, a small variation in T(calc)

c is
observed between the rhombohedral and hexagonal representations of CaC6. The differ-
ence obtained here amounts to approximately 5.4%, which is well within an acceptable
margin for a structure-based model of this type.

At the same time, the present results suggest a somewhat different perspective on the
RH formalism. Rather than focusing primarily on the numerical value of the calculated
transition temperature, the analysis highlights the structural path-counting logic as the
central and most robust component of the approach. This viewpoint emphasizes the
geometric resonance concept itself while treating the final Tc evaluation as a secondary step
that may still require further theoretical refinement.

The core element of the RH formalism is the geometrical counting scheme of passed
and near atoms along symmetry-allowed superconducting paths. This counting logic
constitutes the physically decisive part of the approach, as it determines the effective reso-
nance environment experienced by the superconducting wave. According to Equation (1),
a shorter resonance length x generally leads to a higher T(calc)

c . However, as demonstrated
in the present case, longer paths may involve a larger number of passed, near atoms (NA)
participating in the superconductivity, which can result in an even higher T(calc)

c . A striking
example of this effect is provided by the extreme case of LaH10 under pressure, as discussed
recently in Ref. [38].

In contrast, the final conversion of these geometrical quantities into a numerical
value of the transition temperature Tc still involves intermediate steps whose microscopic
theoretical foundations are not yet fully established.

Nevertheless, the present analysis demonstrates that the RH formalism provides a
consistent framework for treating crystals described in different, yet crystallographically
equivalent, unit-cell representations. As shown for CaC6, identical physical conclusions
are obtained when the formalism is applied to both the primitive rhombohedral and the
conventional hexagonal descriptions, provided that all symmetry-equivalent paths are

https://doi.org/10.3390/cryst16030184

https://doi.org/10.3390/cryst16030184


Crystals 2026, 16, 184 14 of 16

properly identified and counted. This confirms that the RH construction is invariant with
respect to the choice of crystallographic setting, as long as the underlying space-group
symmetry relations are preserved.

At the same time, the case of CaC6 illustrates the practical limitations of purely visual
inspection and manual determination of the near-atom number NA. Even for a compara-
tively simple layered compound, systematic path identification and symmetry-consistent
counting require careful bookkeeping. For more complex crystal structures, manual proce-
dures become rapidly impractical and potentially error-prone. This observation strongly
motivates the implementation of automated algorithms that perform symmetry-resolved
path searches and near-atom counting directly from crystallographic input data.

The same geometric reasoning can be extended to genuine polymorphic systems, such
as lanthanum or mercury, where distinct crystal structures correspond to different supercon-
ducting transition temperatures, as discussed in Ref. [23]. Within the RH framework, such
variations can be interpreted naturally in terms of changes in the set of available resonance
paths and modifications of their local atomic environments. In this way, structural phase
transitions translate directly into modifications of the resonance condition.

As noted in the Introduction, LiC6 represents the closest structural analogue to
CaC6. Application of the RH formalism to LiC6 yields a calculated transition temper-
ature Tcalc

c ∼ 8.1 K for the (a, b)-plane (with ∆(0) = 2.21 meV), in close agreement with
the theoretical prediction reported in Ref. [12]. This result indicates that the LiC6 unit
cell is, in principle, capable of supporting a symmetry-consistent superconducting carrier
wave within the RH construction. The agreement with independent theoretical estimates
provides additional support for the internal consistency of the approach.

From a broader perspective, the present results indicate that the Roeser–Huber (RH)
formalism provides a compact, physically motivated descriptor of superconducting ma-
terials that is well suited for integration into data-driven approaches. Unlike purely
compositional or electronic descriptors, the RH parameters are directly derived from
crystallographic geometry and encode the essential structural features that govern super-
conducting pathways, namely the translational path length, multiplicity, and near-atom
environment. As all these quantities can be computed automatically from crystallographic
input, they form a low-dimensional and interpretable feature set suitable for integration
into data-driven approaches.

In particular, RH-derived quantities could serve as structured input features in ma-
chine learning models for superconductivity prediction. Their explicit connection to sym-
metry and real-space connectivity may enhance model interpretability compared to purely
statistical descriptors. In this sense, the RH formalism offers a possible bridge between
physically grounded analytical models and statistical learning strategies, enabling hy-
brid approaches in which symmetry-allowed superconducting channels guide large-scale
materials screening.

Accordingly, the RH framework may serve as a useful predictive tool for the structural
design and screening of new graphite intercalation compounds [16], as well as for broader
classes of superconducting materials.

7. Conclusions
We have performed a systematic Roeser–Huber analysis of superconducting paths in

CaC6 using both rhombohedral and hexagonal crystallographic descriptions. Although the
individual superconducting paths differ geometrically between the two representations, di-
rect mapping demonstrates that all RH parameters—including multiplicities and near-atom
counts—are invariant with respect to the choice of unit cell. The hexagonal description,
while non-primitive, provides enhanced geometric transparency for identifying super-
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conducting paths and performing near-atom counting. These results establish the repre-
sentation independence of the RH formalism and confirm that its predictions are rooted
in intrinsic structural features rather than artifacts of crystallographic choice. This work
provides a robust foundation for extending the RH analysis to more complex superconduct-
ing systems and stimulates the use of the RH formalism in machine learning approaches
screening materials databases.
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